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THE NAVARRO REFINEMENT OF THE MCKAY CONJECTURE FOR
FINITE GROUPS OF LIE TYPE IN DEFINING CHARACTERISTIC
LUCAS RUHSTORFER
Abstract. In this paper we verify Navarro’s refinement of the McKay conjecture for quasi-
simple groups of Lie type G and the prime p, where p is the defining characteristic of G.
Navarro’s refinement takes into account the action of specific Galois automorphisms on the
characters present in the McKay conjecture [11]. Our proof of this special case of the con-
jecture relies on a character correspondence which Maslowski constructed [10] in the context
of the inductive McKay conditions by Isaacs, Malle and Navarro [7].
1. Introduction
For a finite group G, a prime p and a Sylow p-subgroup P of G the McKay conjecture asserts
that there exists a bijection between the set of p′-degree characters Irrp′(NG(P )) of NG(P ) and
the set of p′-degree characters Irrp′(G) of G. However, Navarro suggests that there should
exist a bijection between these sets of characters which is compatible with certain Galois
automorphisms. He proposes the following refinement of the McKay conjecture, see [11,
Conjecture A].
Conjecture 1.1. Let σ ∈ Gal(Q|G|/Q) be an (e, p)-Galois automorphism for a nonnegative
integer e, see Definition 2.1. Then there exists a bijection between the σ-invariant characters
of Irrp′(NG(P )) and the σ-invariant characters of Irrp′(G).
If this conjecture is true it implies several consequences which are of independent interest.
One of consequences was proved by Navarro, Tiep and Turull, see [13, Theorem A].
For the original McKay conjecture a reduction theorem was proved by Isaacs, Malle and
Navarro, see [7, Theorem B]. This theorem asserts that the McKay conjecture is true for all
finite groups and the prime p if all nonabelian simple groups satisfy the so-called inductive
McKay conditions for the prime p. In view of a possible reduction theorem of Conjecture
1.1, extending the earlier reduction theorem of Isaacs, Malle and Navarro, it is important to
study and verify Conjecture 1.1 for quasi-simple groups. We contribute to this program by
proving the following theorem.
Theorem 1.2. Let G be a simple algebraic group of simply connected type defined over an
algebraic closure of Fp. Let F be a Frobenius endomorphism of G and σ ∈ Gal(Q|GF |/Q) be an
(e, p)-Galois automorphism. Suppose that p is a good prime for G in the sense of [2, Section
1.14]. Then there exists a bijection
f : Irrp′(B
F )σ → Irrp′(G
F )σ.
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Moreover, for every central character λ ∈ Irr(Z(GF )) the map f restricts to a bijection
Irrp′(B
F | λ)σ → Irrp′(G
F | λ)σ.
Observe that in the situation of the theorem, BF is exactly the normalizer of a Sylow
p-subgroup of GF . We also remark that we can prove Theorem 1.2 for bad primes p if the
center of GF is trivial, see Corollary 5.13 for a precise statement.
The proof of Theorem 1.2 is based on Maslowski’s work on the inductive McKay-conditions
for simple groups of Lie type in defining characteristic. Maslowski constructs a certain
automorphism-equivariant bijection for the p′-characters of the universal covering group of
a finite simple group of Lie type defined over a field of characteristic p. Later Spa¨th used
Maslowski’s result to prove that these groups satisfy the inductive McKay conditions for the
prime p, see [15, Theorem 1.1].
The structure of our paper is as follows. In Section 2 we introduce some notation. In
Section 3 we recall some basic facts about the representation theory of finite groups of Lie
type. We discuss the action of Galois automorphisms on Lusztig series and recall a description
of irreducible p′-characters originally due to Green, Lehrer and Lusztig. In Section 4 we recall
the McKay bijection due to Maslowski [10]. In Section 5 we use the results of the two previous
sections to provide a proof of Theorem 1.2.
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2. Notation
2.1. Rings and Fields. Let p be a prime and q be an integral power of p. We let k be
an algebraic closure of Fp. Let ℓ be a prime different from p and denote by K an algebraic
closure of the field of ℓ-adic integers. Denote by (Q/Z)p′ the subgroup of elements of the
abelian group Q/Z whose order is not divisible by p. We fix once and for all an isomorphism
k× → (Q/Z)p′ and an injective morphism k
× → K×.
2.2. Characters of finite groups. If Y is a finite group we denote by Irr(Y ) the set of
irreducible K-valued characters of Y . For K-valued characters we follow the notation of [6].
Moreover, if X is a normal subgroup of Y and ϑ ∈ Irr(X) we denote by Irr(Y | ϑ) the set of
irreducible characters of Y lying above ϑ. Similarly, if χ ∈ Irr(Y ) we mean by Irr(X | χ) the
set of irreducible characters of X lying below χ.
2.3. Groups of Lie type. Let G be a connected reductive group defined over Fq via a
Frobenius endomorphism F : G→ G. We fix a maximal F -stable torus T of G contained in
an F -stable Borel subgroup B. Let U be the unipotent radical of B. We denote by Φ the
root system of G with respect to the torus T and by ∆ = {α1, . . . , αn} the set of simple roots
of Φ with respect to T ⊆ B. We let Φ+ be the set of positive roots and Φ∨ the set of coroots.
The action of the Frobenius endomorphism F induces an automorphism τ of finite order
on the character group X(T). We let w the order of the automorphism τ . We say that F is
a standard Frobenius and write F = Fq if the action of τ on X(T) is trivial, i.e., w = 1.
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2.4. Finite groups and Galois automorphisms. Let Y be a finite group andm = |Y |. We
denote by Qm the m-th cyclotomic field. By Brauer’s theorem the Galois group Gal(Qm/Q)
acts on the set of irreducible characters Irr(Y ). Let σ ∈ Gal(Qm/Q) be a Galois automor-
phism. For a generalized character χ ∈ Z Irr(Y ) we let χσ ∈ Z Irr(Y ) be the generalized
character defined by χσ(y) = σ(χ(y)), for y ∈ Y . If M ⊆ Irr(Y ) we let Mσ be the set of
characters of M stabilized by the action of σ. Navarro considers the following class of Galois
automorphisms:
Definition 2.1. Let e be a nonnegative integer and p be a prime number. Then a Galois
automorphism σ ∈ Gal(Qm/Q) is called (e, p)-Galois automorphism if σ sends any p
′-root of
unity ζ ∈ Qm to ζ
pe.
3. Representation theory of groups of Lie type
3.1. Lusztig series and Galois automorphisms. LetT′ be a maximal F -stable torus ofG.
We denote by RG
T′
(θ) the Deligne–Lusztig character associated to the character θ ∈ Irr(T′F ),
see [4, Definition 11.1].
We let (G∗,T∗, F ∗) be a pair in duality with (G,T, F ) as in [4, Definition 13.10]. This
together with the choices made in 2.1 gives rise to a bijection between the set ofGF -conjugacy
classes of pairs (T′, θ) where T′ is an F -stable maximal torus of G and θ ∈ Irr(T′F ) with the
set of G∗F
∗
-conjugacy classes of pairs (T′∗, s) where s ∈ G∗F
∗
is a semisimple element and
T′∗ is an F ∗-stable maximal torus with s ∈ T′∗, see [4, Proposition 13.13].
As usually, we write RG
T′
∗(s) for the character RGT′(θ) if (T
′, θ) is in duality with (T′∗, s).
If s ∈ G∗
F∗
is a semisimple element we denote by (s) its G∗
F∗
-conjugacy class. We denote by
E(GF , (s)) ⊆ Irr(GF ) its rational Lusztig series. We have the following lemma, see the proof
of [12, Lemma 9.1].
Lemma 3.1. Let σ ∈ Gal(Qm/Q) with m = |G
F | and σ(ξ) = ξk for a primitive m-th root
of unity ξ ∈ Qm. Then R
G
T′
(θ)σ = RG
T′
(θk) for any θ ∈ Irr(T′F ). In particular, we have
σ(E(GF , (s))) = E(GF , (sk)).
To each semisimple conjugacy class (s) ofG∗
F∗
we associate a character χ(s) ∈ Z≥0 Irr(G
F ),
as in [4, Definition 14.40]. If the center of G is connected then χ(s) is an irreducible character
by [4, Corollary 14.47(a)] and we have χ(s) ∈ E(G
F , (s)).
3.2. The duality functor. We consider the Alvis–Curtis duality map DG : Z Irr(G
F ) →
Z Irr(GF ), see [4, Chapter 8]. Note that DG is an involution and an isometry on the space
Z Irr(GF ), see [4, Corollary 8.14] resp. [4, Proposition 8.10].
3.3. Gelfand–Graev characters. In order to introduce the Gelfand–Graev characters of G
we shall proceed as in the proof of [3, Theorem 2.4]. The Frobenius endomorphism F of G
induces an automorphism τ of the character group X(T). Since T is a maximally split torus
it follows by [9, Proposition 22.2] that τ stabilizes the set of positive roots Φ+ and the set of
simple roots ∆. Hence, τ acts naturally on the index set of ∆ = {α1, . . . αn}. Thus, we have
a partition
{1, . . . , n} = A1 ∪ · · · ∪Ar
of the index set of ∆ into its τ -orbits. For each Ai we fix a representative ai ∈ Ai. For α ∈ Φ
we denote by Uα the root subgroup of G associated to the root α ∈ Φ. We denote by UAi ,
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i = 1, . . . , r, the product in U/[U,U] of the root subgroups Uαj , j ∈ Ai. By [3, Lemma 2.2]
we have
UF /[U,U]F ∼=
r∏
i=1
UFAi .
For each α ∈ Φ there is an isomorphism xα : (k,+) → Uα with F (xα(a)) = xτ(α)(a
q) for all
a ∈ k and all α ∈ Φ. These maps induce an isomorphism xi : (Fq|Ai| ,+)→ U
F
Ai
given by
xi(a) =
|Ai|−1∏
k=0
xτkαi(a
qk).
Now fix a character φ0 ∈ Irr
(
(FqN ,+)
)
, where |Ai| divides N for all i = 1, . . . , r, such that
the restriction of φ0 to (Fq,+) is nontrivial. Then any character φi ∈ Irr(U
F
Ai
) is given by
φi(xi(a)) = φ0(cia) for all a ∈ Fq|Ai| and some ci ∈ Fq|Ai| . Consequently, any irreducible
character φ ∈ Irr
(
(U/[U,U])F
)
is of the form φ =
r∏
i=1
φi.
Lemma 3.2. Let γ : Irr
(
(U/[U,U])F
)
→
r∏
i=1
Fq|Ai| be the map given by
φ =
r∏
i=1
φi 7→ (c1, ..., cr),
where the ci ∈ Fq|Ai| are such that φi(xi(a)) = φ0(cia) for all a ∈ Fq|Ai|. Then γ is a bijection.
Let ι : G →֒ G˜ be an extension of G by a central torus such that G˜ is a connected
reductive group. One possible way to construct G˜ is described after the proof of [4, Corollary
14.47]. We have a natural isomorphism H1(F,Z(G)) ∼= G˜F /GF Z(G˜)F by [8, Corollary 1.2]
and [8, Proposition 1.5]. Let ψ1 = γ
−1(1, ..., 1) or more concretely,
ψ1 =
r∏
i=1
φi, with φi(xi(a)) = φ0(a) for a ∈ Fq|Ai| .
Denote Γ1 = ψ
GF
1 . For z ∈ H
1(F,Z(G)) ∼= G˜F /GF Z(G˜)F we take a representative gz ∈ G˜
F
and define the Gelfand–Graev character associated to the class z by Γz =
gzΓ1.
3.4. The p′-characters of G˜F and GF . We want to describe the p′-characters of G˜F . Since
the center of G˜ is connected it follows that G˜ has a unique Gelfand–Graev character which
we will denote by Γ. If the prime p is good for G˜ then the p′-characters of G˜F are precisely
the irreducible constituents of D
G˜
(Γ), see [2, Proposition 8.3.4]. The following lemma is a
consequence of this fact.
Lemma 3.3. Let G˜ be a connected reductive algebraic group with connected center. Let p be a
good prime for the group G˜. Then χ ∈ Irr(G˜F ) is a p′-character if and only if χ = εD
G˜
(χ(s˜))
for some semisimple conjugacy class (s˜) of G˜∗
F∗
and some sign ε ∈ {±1}.
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Proof. Since G˜ has connected center its unique Gelfand–Graev character Γ can be written
as Γ =
∑
(s˜)
χ(s˜), where (s˜) runs over the semisimple conjugacy classes of G˜
∗F ∗. This is a
decomposition of the Gelfand–Graev character into distinct irreducible characters, see [4,
Corollary 14.47]. By applying the duality map D
G˜
, we obtain D
G˜
(Γ) =
∑
(s˜)
D
G˜
(χ(s˜)). Since
χ(s˜) is irreducible and DG˜ is an isometry it follows that DG˜(χ(s˜)) is an irreducible character
up to a sign. By [2, Proposition 8.3.4] it follows that the irreducible constituents of D
G˜
(Γ)
are precisely the characters of p′-degree. 
The embedding ι : G →֒ G˜ gives rise to a dual morphism ι∗ : G˜∗ → G∗ which is surjective
and has central kernel, see [1, Section 15.1]. If (s˜) is a semisimple conjugacy class of G˜∗
F∗
, it
follows that (s) is a semisimple conjugacy class of G∗
F∗
, where s := ι∗(s˜). By [3, Proposition
3.10] the characters Γz and χ(s) have a unique common irreducible constituent which we
denote by χ(s),z.
Lemma 3.4. Let G be a connected reductive group and p a good prime for G. Let ι :
G →֒ G˜ and ι∗ : G˜∗ → G∗ be as above. Let χ = εD
G˜
(χ(s˜)) ∈ Irrp′(G
F ). Then the
irreducible constituents of χGF are precisely the characters εDG(χ(s),z) for s = ι
∗(s˜) and
z ∈ H1(F,Z(G)).
Proof. By [3, 3.15.1] we have
χ(s˜)GF = χ(s) =
∑
z
χ(s),z,
where the sum is over a complete set of distinct characters χ(s),z with z ∈ H
1(F,Z(G)). Since
the duality functor commutes with restriction we conclude that
χGF = (εDG˜(χ(s˜)))GF = εDG(χ(s)) =
∑
z
εDG(χ(s),z).
Using the fact that DG is an isometry it follows that this is a decomposition into distinct
irreducible characters. 
4. A McKay-type bijection
We fix an indecomposable root system Φ of rank n. From now on G will denote a simple
algebraic group of simply connected type with root system Φ defined over a field of charac-
teristic p.
4.1. A regular embedding. The center of G is a finite group. We let dp be its minimal
number of generators. For our fixed root system Φ we let d be the maximal dp occurring for
any prime p. We have d = 2 if the root system of G is of type Dn and n is even. In the
remaining cases we either have d = 1 or d = 0.
Let S = (k×)d be a torus of rank d. Let ρ : Z(G) →֒ S be an injective group homomorphism
and define a group G˜ by
G˜ = G×ρ S = (G× S)/{(z, ρ(z)
−1) | z ∈ Z(G)}.
We have embeddings G →֒ G˜ and S →֒ G˜ such that it is convenient to identify G and S with
their images in G˜. Under this identification G˜ = GS has connected center Z(G˜) = S. Note
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that the construction of G˜ depends on the choice of ρ. In [10, Section 6] explicit choices are
made which we assume to be taken.
Note that B˜ = T˜U = N
G˜
(U) is a Borel subgroup of G˜ with maximal torus T˜ = TS and
unipotent radical U. We let F : G˜→ G˜ be the extension of the Frobenius endomorphism F
of G to G˜ as chosen in Section 3 and Section 4 of [10]. With theses choices, the pair (T˜, B˜)
is F -stable.
4.2. Generators of the torus. Let us define an integer d¯ by
d¯ =


1 if (G, F ) is of type Dn, n even and w = 2,
0 if (G, F ) is of type Dn, n even and w = 3,
d otherwise.
With this notation, Z(G˜F ) is generated by d¯ elements for p large enough. If d¯ = 0 we define
t0 = 1. If d¯ = 1 we let t0 be the generator of Z(G˜
F ) as in [10, Section 10]. If d¯ = 2 we let
t0(1) , t0(2) be the generators of Z(G˜
F ) as in [10, Section 10]. In this case, we mean by t0 both
elements t0(1) and t0(2) .
Recall from 3.3 that the integer r denotes the number of τ -orbits of ∆. We let t1, . . . , tr ∈
T˜F be as introduced in [10, Proposition 8.1] resp. [10, Proposition 10.2]. Then the torus T˜F
is generated by the elements t0, t1 . . . , tr.
4.3. The linear characters of UF . Let us from now on assume that GF is not of type
B2(2), F4(2) or G2(3). In this case, we have [U,U]
F = [UF ,UF ] by [5, Lemma 7]. By
Lemma 3.2 we obtain a bijection
γ : Irr(UF /[UF ,UF ])→
r∏
i=1
(Fq|Ai| ,+).
Let S be a subset of {1, . . . , r}. We denote Sc = {0, 1, . . . , r} \ S. Define the character φS of
UF /[UF ,UF ] to be φS = γ
−1(c1, ..., cr) with
ci =
{
0 if i /∈ S,
1 if i ∈ S.
For simplicity we identify φS ∈ Irr(U
F /[UF ,UF ]) with its inflation to UF . Note that with
this notation the linear character ψ1 introduced in 3.3 coincides with φ{1,...,r}.
The action of T˜F on the characters of UF can be described explicitly and one obtains the
following result.
Proposition 4.1. The characters {φS ∈ Irr(U
F ) | S ⊆ {1, . . . , r}} form a complete set of
representatives for the B˜F -orbits on the linear characters of UF . Moreover any character
φS ∈ Irr(U
F ) extends to its inertia group I
B˜F
(φS) = 〈ti | i ∈ S
c〉UF .
Proof. This is [10, Proposition 8.4] and [10, Proposition 8.5]. 
As a consequence of the previous lemma we can describe the action of Galois automorphisms
on linear characters of UF .
Lemma 4.2. Let σ ∈ Gal(Q|GF |/Q). Then φ
σ
S = φ
t˜
S for some t˜ ∈ T˜
F .
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Proof. By the uniqueness statement of Proposition 4.1 we have φσS = φ
t˜
S′
for some S
′
⊆
{1, . . . , r} and some t˜ ∈ T˜F . Recall that the subgroups UFAi are stabilized by the T˜
F -action.
Thus, we have
∏
i∈S′
φt˜i = φ
t˜
S′
= φσS =
∏
i∈S
φσi .
Since the characters φi ∈ Irr(U
F
Ai
) are nontrivial this implies S = S
′
and φσS = φ
t˜
S .

4.4. A labeling for the local characters. We can now parametrize the p′-characters of B˜F .
Let ψ ∈ Irrp′(B˜
F ). Since UF is a normal p-subgroup of B˜F and ψ has p′-degree it follows
by Clifford’s theorem that ψ lies above a linear character of UF . Hence, by Proposition
4.1 there exists a uniquely determined subset S ⊆ {1, . . . , r} such that ψ lies above φS ∈
Irr(UF ). By Clifford correspondence there exists a unique character λ ∈ Irr(I
B˜F
(φS) | φS)
with λB˜
F
= ψ. Note that I
B˜F
(φS) = 〈ti | i ∈ S
c〉UF by Proposition 4.1. We define the map
f˜loc : Irrp′(B˜
F )→ (K×)d¯ ×Kr by
(f˜loc(ψ))0 =
{
λ(t0) if d¯ ≤ 1,
(λ(t
(1)
0 ), λ(t
(2)
0 )) if d¯ = 2,
and
(f˜loc(ψ))i =
{
λ(ti) if i ∈ S
c \ {0},
0 if i ∈ S,
,
where λ is determined by ψ as above. For i ∈ Sc the values λ(ti) of the linear character λ are
(qw−1)-th roots of unity, where w is as defined in 3.3. Under the embedding k× → K× chosen
in 2.1 we may consider (f˜loc(ψ))i as an element of Fqw and we obtain a map f˜loc : Irrp′(B˜
F )→
(F×qw)
d¯×Frqw . Let A ⊆ (F
×
qw)
d¯×Frqw be the image of the map f˜loc. By [10, Theorem 10.8] the
map f˜loc : Irrp′(B˜
F )→ A is a bijection.
4.5. The dual group. We give an explicit construction of the dual algebraic group of G˜,
following the construction in [10, Section 7]. It is similar to the construction in 4.1. Let G∨
be a simple algebraic group of simply connected type with root system Φ∨. We fix a maximal
torus T∨ of G∨ and identify the root system of G∨ relative to the torus T∨ with the coroot
system Φ∨.
We let S∨ = (k×)d, where d is as in 4.1, and we choose an injective group homomorphism
ρ∨ : Z(G∨) → S∨ as in [10, Section 7]. Denote by G˜∗ the resulting linear algebraic group
G˜∗ = G∨×ρ∨S
∨ with maximal torus T˜∗ := T∨S∨. By the results of [10, Section 7] there exists
a Frobenius endomorphism F ∗ of G˜∗ such that (G˜, T˜, F ) is dual to the triple (G˜∗, T˜∗, F ∗).
4.6. Fundamental weights. Since G∨ is a simple algebraic group of simply connected type
its character group X(T∨) has a basis given by the fundamental weights. More precisely, let
β1, . . . , βn ∈ X(T
∨) be a basis of the root system Φ∨ (corresponding to α∨1 , . . . , α
∨
n under the
identification of the root system of G∨ with Φ∨). Denote by 〈 , 〉 : X(T∨) × Y (T∨) → Z
the canonical pairing. Then there exist roots ωi ∈ X(T
∨) satisfying 〈ωi, β
∨
i 〉 = δij for all
i, j = 1, . . . , n. Moreover, we let ω˜i ∈ X(T˜
∗) be the unique extension of ωi to T˜
∗ which acts
trivially on S∨.
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4.7. The determinant map. Write g ∈ G˜∗ as g = xz with x ∈ G∨ and z ∈ S∨. We define
the determinant map det : G˜∗ → S∨ to be the map with det(xz) = zl where l is the exponent
of the fundamental group of the root system Φ.
Note that the map det is a well-defined homomorphism of algebraic groups, see the remark
below [10, Definition 7.2]. Furthermore we denote by deti : G˜
∗ → k× the i-th component of
the determinant map.
4.8. The modified Steinberg map. Following Maslowski [10, Section 14], we introduce
the modified Steinberg map which separates the semisimple conjugacy of G˜∗.
By a theorem of Chevalley, see [9, Theorem 15.17], there exists a rational irreducible kG∨-
module Vi which is a highest weight module of highest weight ωi ∈ Y (T
∨). Let πi : G
∨ → k
denote the trace function of the representation associated to the kG∨-module Vi. We define
the Steinberg map
π : G∨ → kn : g 7→ (π1(g), . . . , πn(g))
as the product map of these trace functions. A fundamental property of the Steinberg map
is that two semisimple elements of G∨ are G∨-conjugate if and only if they have the same
image under the Steinberg map, see [16, Corollary 6.7].
We need a further property of the Steinberg map which is a slight generalization of [10,
Lemma 14.1] and follows from the proof given there.
Lemma 4.3. Let s ∈G∨ be a semisimple element. Then πi(s
p) = πi(s)
p.
We can write any element g˜ ∈ G˜∗ (not necessary unique) as g˜ = xz with x ∈ G∨ and
z ∈ S∨. In [10, Section 14] Maslowski defines the map π˜ : G˜∗ → (k×)d × kn by
g˜ = xz 7→ (det(xz), (π1(x)ω˜1(z), . . . , πn(x)ω˜n(z))).
Based on the result of Steinberg mentioned above, Maslowski shows in [10, Proposition 14.2]
that the map π˜ separates semisimple conjugacy classes of G˜∗. Moreover, if F = Fq, then the
semisimple conjugacy classes (xz) of G˜∗ with image π˜(xz) in (F×q )
d × Fnq are precisely the
(q − 1)dqn different F ∗q -stable semisimple conjugacy classes of G˜
∗.
4.9. A labeling for the global characters. We now describe a labeling for the p′-characters
of G˜F . Let χ ∈ Irrp′(G˜
F ) be a p′-character. Then there exists a conjugacy class (s˜) of G˜∗
F∗
such that χ ∈ E(G˜F , (s˜)).
We first consider the case that F = Fq. In this case, we define the label of χ by π˜(s˜) =
(b0, (b1, . . . , bn)) ∈ (F
×
q )
d × Fnq .
Now suppose that F is not a standard Frobenius map. Since G˜∗
F∗
⊆ G˜∗
F∗
qw
we have
s˜ ∈ G˜∗
F∗qw
. In particular it holds π˜(s˜) = (b0, (b1, . . . , bn)) ∈ (F
×
qw)
d×Fnqw . We define the label
of χ by (b0(1) , (ba1 , . . . , bar)) ∈ (F
×
q )
d¯ × Frq, where ai ∈ Ai are the fixed representatives of the
orbits of the τ -action and b0(1) is the first component of b0 ∈ (F
×
qw)
d.
In any case, the possible labels which occur consist precisely of the elements A, where A is
defined as in 4.3. We shall denote by f˜glo : Irrp′(G˜
F ) → A the map which maps a character
to its label.
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4.10. The Maslowksi bijection and its properties. From now on we often writeH = HF
for the group of fixed points under F of an F -stable subgroup H of G˜. In most cases, the
map f˜glo : Irrp′(G˜
F )→ A is known to be bijective.
Theorem 4.4. Suppose that (G, F ) is not contained in the following table.
type Frobenius map
Dn q = 2, w = 2
Bn, Cn, Dn, G2, F4 q = 2, w = 1
G2 q = 3, w = 1
Then the map f˜glo : Irrp′(G˜) → A is a bijection. Consequently the map f˜ = f˜
−1
glo ◦ f˜loc :
Irrp′(B˜) → Irrp′(G˜) is a bijection. Moreover, for every central character λ ∈ Irr(Z(G˜)) the
bijection f˜ restricts to a bijection Irrp′(B˜ | λ)→ Irrp′(G˜ | λ)
Proof. This is [10, Theorem 15.3]. 
We shall keep the assumptions of Theorem 4.4 for the remainder of this article. An impor-
tant step towards the proof of Theorem 4.4 is the following important theorem.
Theorem 4.5. Any p′-character of B˜ restricts multiplicity free to B. Analogously, any p′-
character of G˜ restricts multiplicity free to G.
Proof. This is [10, Proposition 11.3] in the local situation and [1, Theorem 15.11] in the global
situation. 
The following result from [15, Theorem 3.5(b)] shows that for characters in Irr(G˜ | 1G) the
map f˜−1 in Theorem 4.4 is just restriction of characters. A proof of this result can be found
in [14, Corollary 3.20].
Theorem 4.6. Let λ ∈ Irr(G˜ | 1G) and χ ∈ Irrp′(G˜). Then f˜
−1(χλ) = f˜−1(χ)λB˜.
The previous two theorems imply the following result, see [10, Theorem 15.4].
Theorem 4.7. There exists a bijection f : Irrp′(B) → Irrp′(G) such that for every λ ∈
Irr(Z(G)) the map f restricts to a bijection Irrp′(B | λ)→ Irrp′(G | λ).
Proof. Let ψ ∈ Irrp′(B˜) and χ = f˜(ψ). Furthermore we let ϑ ∈ Irr(B | ψ) and φ ∈ Irr(G | χ).
By Theorem 4.5 we have Irr(B˜ | ϑ) = {ψξ | ξ ∈ Irr(B˜ | 1B)} and analogously Irr(G˜ | φ) =
{χλ | λ ∈ Irr(G˜ | 1G)}. Together with Theorem 4.6 this implies that f˜ restricts to a bijection
f˜ : Irr(B˜ | ϑ)→ Irr(G˜ | φ). By Clifford theory we deduce
|{ϑb˜ | b˜ ∈ B˜}| = | Irr(B˜ | ϑ)| and |{φg˜ | g˜ ∈ G˜}| = | Irr(G˜ | φ)|.
Thus it is possible to define a bijective map Irr(B | ψ) → Irr(G | χ) by sending the set
{ϑb˜ | b˜ ∈ B˜} bijectively to the set {φg˜ | g˜ ∈ G˜}. This then gives rise to a bijection
f : Irrp′(B) → Irrp′(G). The compatibility of f with central characters follows from the
corresponding statement about central characters in Theorem 4.4. 
We need to recall a fact from Clifford theory. For this let us introduce some notation. Let X
be a normal subgroup of a finite group Y such that Y/X is abelian. Then the character group
Irr(Y | 1X) acts by multiplication on the characters in Irr(Y ). For a character χ ∈ Irr(Y ) we
shall denote by StabIrr(Y/X)(χ) the stabilizer of χ under the action of Irr(Y | 1X).
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Lemma 4.8. Under the assumptions as above, let χ ∈ Irr(Y ) be an irreducible character
which restricts multiplicity free to X. Then for ϑ ∈ Irr(X | χ) it holds that
IY (ϑ) =
⋂
λ∈StabIrr(Y/X)(χ)
Kern(λ).
Proof. Let us abbreviate I = IY (ϑ) and let y ∈ Y . Since Y/X is abelian it follows that
y ∈ I if and only if λ(y) = 1 for all λ ∈ Irr(Y | 1I). By assumption there exists a character
ψ ∈ Irr(I) which extends ϑ and such that ψY = χ. Let λ ∈ Irr(Y | 1X) be arbitrary. By
Clifford correspondence we have λχ = χ if and only λIψ = ψ. By Gallagher’s theorem the
latter is equivalent to λI = 1I since Y/X is abelian. 
The previous lemma allows us to show that the inertia groups in B˜ of p′-characters which
correspond to each other under the map f˜ are the same.
Corollary 4.9. Let ϑ ∈ Irrp′(B) and φ = f(ϑ). Then we have IB˜(φ) = IG˜(ϑ) ∩ B˜.
Proof. Let ψ ∈ Irr(B˜ | ϑ) and χ = f˜(ψ). By construction of f we deduce that χ ∈ Irr(G˜ | φ).
Let t˜ ∈ B˜. By Lemma 4.8 we have t˜ ∈ IB˜(φ) if and only if λ(t˜) = 1 for all λ ∈ StabIrr(G˜/G)(χ).
By Theorem 4.6, λχ = χ is equivalent to λB˜ψ = ψ. Since the inclusion map B˜ → G˜
induces an isomorphism of the factor groups G˜/G and B˜/B it follows that the restriction
map Irr(G˜ | 1G) → Irr(B˜ | 1B) is bijective. Thus, we conclude that t˜ ∈ IB˜(φ) if and only if
ξ(t˜) = 1 for all characters ξ ∈ StabIrr(B˜/B)(ψ). Now apply Lemma 4.8 again. 
5. The McKay Conjecture and Galois automorphisms
This section is divided in four parts. In 5.1 we show that the bijection f˜ : Irrp′(B˜
F ) →
Irrp′ (G˜
F ) is equivariant for (e, p)-Galois automorphisms. In 5.2 and 5.3 we relate the p′-
characters of B˜F (resp. of G˜F ) with the p′-characters of BF (resp. of GF ). In 5.4 we use
theses results to provide a proof of Theorem 1.2 from the introduction.
We shall keep the assumptions of Theorem 4.4.
5.1. Compatibility of the character bijection with Galois automorphisms. For a
positive integer m we write mp for the highest p-power dividing m and mp′ for the p
′-part
of m. The following properties of (e, p)-Galois automorphisms are elementary and easy to
prove.
Lemma 5.1. Let σ ∈ Gal(Qm/Q) and k be an integer such that σ(ξ) = ξ
k for a primitive
m-th root of unity ξ ∈ Qm.
(a) Then σ is an (e, p)-Galois automorphism if and only if k ≡ pe mod mp′.
(b) Let m˜ be a multiple of m. Then any (e, p)-Galois automorphism σ ∈ Gal(Qm/Q) extends
to an (e, p)-Galois automorphism σ˜ ∈ Gal(Qm˜/Q).
Note that part (b) of Lemma 5.1 implies that any (e, p)-Galois automorphism σ ∈ Gal(Q|G|/Q)
extends to an (e, p)-Galois automorphism σ˜ ∈ Gal(Q|G˜|/Q). This means that if we want
to prove Conjecture 1.1 for the finite group G and an (e, p)-Galois automorphism σ ∈
Gal(Q|G|/Q), we may (and we will) assume without loss of generality that σ ∈ Gal(Q|G˜|/Q).
Now we show that the bijection f˜ : Irrp′(B˜) → Irrp′(G˜) is equivariant for (e, p)-Galois
automorphisms. In the proof we freely use the notation introduced in Section 4.
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Theorem 5.2. Let σ ∈ Gal(Q|G˜|/Q) be an (e, p)-Galois automorphism. Then the bijection
f˜ : Irrp′(B˜) → Irrp′(G˜) satisfies f˜(ψ
σ) = f˜(ψ)
σ
for any character ψ ∈ Irrp′(B˜). Moreover, if
we denote the label of ψ by f˜loc(ψ) = (c0, (c1 . . . , cr)) ∈ (F
×
qw)
d¯ × Frqw then the label of ψ
σ is
given by f˜loc(ψ
σ) = (cp
e
0 , (c
pe
1 , . . . , c
pe
r )).
Proof. Let ψ ∈ Irrp′(B˜) with label f˜loc(ψ) = (c0, (c1 . . . , cr)). Denote by χ = f˜(ψ) the
p′-character of G˜ which has the same label as ψ.
We proceed in several steps. In a first step we compute the label g(ψσ) of the character
ψσ. In a second step we prove that f˜glo(χ
σ) = f˜loc(ψ
σ) which implies f˜(ψσ) = χσ since
f˜ = f˜−1glo ◦ f˜loc.
First step: By Proposition 4.1 there exists a unique set S ⊆ {1, . . . , r} such that the character
ψ ∈ Irrp′(B˜) lies above the character φS ∈ Irr(U). By Clifford correspondence there exists a
unique character λ ∈ Irr(IB˜(φS) | φS) such that λ
B˜ = ψ.
Since ψ lies above φS it follows that ψ
σ lies above the character φσS . By Lemma 4.2 we
have φσS = φ
t˜
S for some t˜ ∈ T˜ . The character λ
σ lies above the character φσS = φ
t˜
S . Since the
factor group B˜/U ∼= T˜ is abelian we have (λσ)t˜
−1
∈ Irr(IB˜(φS)). Consequently, (λ
σ)t˜
−1
lies
above the character φS and ((λ
σ)t˜
−1
)B˜ = ψσ . Let m = |G˜| and ξ be a primitive m-th root
of unity. Furthermore we let k be an integer such that σ(ξ) = ξk. Since λ is linear we have
λσ = λk. Thus we obtain
(f˜loc(ψ
σ))i = (λ
k)t˜
−1
(ti) = (λ
k)(t˜tit˜
−1) = λk(ti).
By definition of the map f˜loc we have (f˜loc(ψ
σ))i = c
k
i for every i ∈ S
c and (f˜loc(ψ
σ))i = 0 for
i ∈ S. Consequently, the label of ψσ is given by f˜loc(ψ
σ) = (ck0 , c
k
1 , . . . , c
k
r ).
By Lemma 5.1 we have k ≡ pe mod mp′ since σ ∈ Gal(Qm/Q) is an (e, p)-Galois auto-
morphism. By [9, Table 24.1] it follows that (qw − 1) divides mp′ , which implies that k ≡ p
e
mod (qw − 1). Since ci ∈ Fqw for all i, we have
f˜loc(ψ
σ) = (ck0 , (c
k
1 , . . . , c
k
r )) = (c
pe
0 , (c
pe
1 , . . . , c
pe
r )).
Second step: We have χ ∈ E(G˜F , (s˜)) for some semisimple conjugacy class (s˜) of the dual
group G˜∗
F∗
. By Lemma 3.1 we have χσ ∈ E(G˜F , (s˜k)). We have m = |G˜∗
F∗
| since (G˜, F ) and
(G˜∗, F ∗) are in duality, see [2, Proposition 4.4.4]. Thus, the order of the semisimple element
s˜ is a divisor of mp′. Since k ≡ p
e mod mp′ by Lemma 5.1, this shows s˜
pe = s˜k. Hence, we
have χσ ∈ E(G˜F , (s˜p
e
)) by Lemma 3.1.
First we assume that F = Fq is a standard Frobenius map. We may write s˜ ∈ G˜
∗ as s˜ = xz
where x ∈ G∨ and z ∈ S∨. The label of the character χσ ∈ E(G˜F , (s˜p
e
)) is given by
π˜(s˜p
e
) = π˜((xz)p
e
) = (det((xz)p
e
), (π1(x
pe)ω˜1(z
pe), . . . , πn(x
pe)ω˜n(z
pe))).
Note that det((xz)p
e
) = det(xz)p
e
since det is multiplicative. Recall that π˜i(s˜
pe) = πi(x
pe)ω˜i(z
pe)
by definition of the modified Steinberg map. By Lemma 4.3 we have πi(x
pe) = πi(x)
pe .
Moreover, we have ω˜i(z
pe) = ω˜i(z)
pe since ω˜i ∈ X(T˜
∗). Therefore we obtain π˜i(s˜
pe) =
πi(x)
pe ω˜i(z)
pe = π˜i(s˜)
pe . Since π˜(xz) = (c0, (c1, . . . , cn)) we have π˜((xz)
pe) = (cp
e
0 , (c
pe
1 , . . . , c
pe
n ))
and therefore the label of χσ is given by f˜glo(χ
σ) = (cp
e
0 , (c
pe
1 , . . . , c
pe
n )) = f˜loc(ψ
σ) and we have
f˜(ψσ) = f˜(ψ)σ , as required.
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Let us now assume that F is not a standard Frobenius endomorphism. Let π˜(s˜) =
(b0, (b1, . . . , bn)) ∈ (F
×
qw)
d×Frqw be the image of s˜ ∈ G˜
∗F
∗
⊆ G˜∗
F∗qw
under the modified Stein-
berg map. As we have shown above, the image of (s˜p
e
) under the modified Steinberg map is
given by π˜(s˜p
e
) = (bp
e
0 , (b
pe
1 , . . . , b
pe
n )). Let b0(1) be the first component of b0 ∈ (F
×
qw)
d¯. The
label of the character χ ∈ E(G˜F , (s˜)) is given by f˜glo(χ) = (b0(1) , (ba1 , . . . , bar )) and the label
of χσ ∈ E(G˜F , (s˜p
e
)) is f˜glo(χ
σ) = (bp
e
0(1)
, (bp
e
a1 , . . . , b
pe
ar )). We have f˜loc(ψ) = (c0, (c1, . . . , cr)) =
(b0(1) , (ba1 , . . . , bar )) = f˜glo(χ) since f˜(ψ) = χ. Thus, we conclude that
f˜loc(ψ
σ) = (cp
e
0 , (c
pe
1 , . . . , c
pe
r )) = (b
pe
0(1)
, (bp
e
a1 , . . . , b
pe
ar )) = f˜glo(χ
σ).
This shows f˜(ψσ) = χσ, as desired. 
Theorem 5.2 gives us Theorem 1.2 in the case that Z(G) is trivial.
Corollary 5.3. Let σ ∈ Gal(Q|G˜|/Q) be an (e, p)-Galois automorphism. Suppose that Z(G) =
1. Then there exists a σ-equivariant bijection f : Irrp′(B)→ Irrp′(G).
Proof. By Theorem 4.4 and Theorem 5.2 we obtain a σ-equivariant bijection Irrp′(B˜ | λ) →
Irrp′(G˜ | λ) for any central character λ ∈ Z(G˜). Since Z(G) = 1 we have G˜ ∼= G × Z(G˜). By
Theorem 5.2 we have a bijection f˜ : Irrp′(B˜ | λ)
σ → Irrp′(G˜ | λ)
σ for every central character
λ ∈ Z(G˜). So in particular, for λ = 1Z(G˜) we obtain a bijection f : Irrp′(B)→ Irrp′(G). 
5.2. Relating the p′-characters of B˜ and B.
Lemma 5.4. Let σ ∈ Gal(Qm/Q) be a Galois automorphism, where m = |G˜|. Let ψ ∈
Irrp′(B˜) and ϑ ∈ Irr(B | ψ). Furthermore, we let S be the unique subset of {1, . . . , r} such
that ψ ∈ Irr(B˜ | φS). Then ϑ is σ-invariant if and only if ψB is σ-invariant and there exists
an element t ∈ B such that φσS = φ
t
S.
Proof. We first assume that ϑ is σ-invariant. By Clifford’s theorem all irreducible constituents
of ψB are σ-invariant. This implies that ψB is σ-invariant as well. The character φS is a
constituent of some B˜-conjugate of ϑ, such that we may assume that φS is below ϑ. Since
ϑ is σ-invariant we conclude that φσS is below ϑ. By Clifford’s theorem it follows that φ
σ
S is
B-conjugate to φS.
Now assume conversely that ψB is σ-invariant and that there exists some t ∈ B such that
φσS = φ
t
S . We abbreviate I = IB(φS) and I˜ = IB˜(φS). We let λ ∈ Irr(I˜ | φS) be the character
such that λB˜ = ψ. By Clifford correspondence we conclude that (λI)
B is an irreducible
character of B. Straigthforward calculation show that the character (λI)
B lies below ψ.
Since all irreducible constituents of ψB are B˜-conjugate we may assume ϑ = (λI)
B . Since
ψB is σ-invariant, we have ψ
σ ∈ Irr(B˜ | ϑ). By Theorem 4.5 there exists a character η ∈
Irr(B˜ | 1B) such that ψ
σ = ψη. Since λ lies above φS , it follows that λ
σ lies above φσS = φ
t
S .
Thus, the character (λσ)t
−1
lies above φS . This implies that
((λσ)t
−1
)B˜ = ψσ = ψη = (ληI˜)
B˜ .
By Clifford correspondence we deduce (λσ)t
−1
= ληI˜ . Since η ∈ Irr(B˜ | 1B) this implies
λσI = λ
t
I . This shows that ϑ = (λ
t
I)
B = (λσI )
B = ϑσ. 
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Lemma 5.5. Let ϑ ∈ Irrp′(B) and S ⊆ {1, . . . , r} such that ϑ ∈ Irr(B | φS). Then IB˜(φS)B =
IB˜(ϑ).
Proof. Let ξ ∈ Irr(IB(φS) | φS) be such that ξ
B = ϑ. Since ξ is an extension of φS it follows
that IB˜(φS) = IB˜(ξ). Moreover, it is clear that IB˜(ξ) ⊆ IB˜(ϑ). This shows IB˜(φS)B ⊆ IB˜(ϑ).
For the converse direction let t˜ ∈ IB˜(ϑ). Then the character φ
t˜
S lies below ϑ. By Clifford’s
theorem there exists some t ∈ B such that φt˜S = φ
t
S . We have tt˜
−1 ∈ IB˜(φS) and hence
t˜ ∈ IB˜(φS)B. 
Let σ ∈ Gal(Q|G˜|/Q). Recall that there exists some t˜ ∈ T˜ such that ψ
σ
1 = ψ
t˜
1, see Lemma
4.2. As a consequence of Lemma 5.4 we obtain the following proposition.
Proposition 5.6. Let σ ∈ Gal(Q|G˜|/Q) be a Galois automorphism and let t˜ ∈ T˜ such that
ψσ1 = ψ
t˜
1. Let ψ ∈ Irrp′(B˜) and ϑ ∈ Irr(B) be a character below ψ. Then the following are
equivalent:
(i) ϑ is σ-invariant.
(ii) ψB is σ-invariant and t˜ ∈ IB˜(ϑ).
Proof. Let S ⊆ {1, . . . , r} such that φS is below ψ. Since the conjugation action of T˜
F
stabilizes the subgroups UFAi , we obtain φ
σ
S = φ
t˜
S . By Lemma 5.4 the character ϑ is σ-
invariant if and only if ψB is σ-invariant and φ
σ
S = φ
t˜
S = φ
t
S for some t ∈ B. This is
equivalent to saying that t˜t−1 ∈ IB˜(φS). The latter statement is equivalent to t˜ ∈ IB˜(φS)B.
Our proposition follows now with Lemma 5.5. 
Example 5.7. With Proposition 5.6 we are (at least theoretically) able to compute the
cardinality of Irrp′(B)
σ for an (e, p)-Galois automorphism σ ∈ Gal(Qm/Q). In [14, Example
3.15] we have considered the case when G is of type Cn and q is odd.
Let k be an integer such that σ(ξ) = ξk for a primitive m-th root of unity ξ ∈ Qm. Let
q = pf and let s = gcd(e, f). Let µ be a primitive (q − 1)-th root of unity. We let c be an
integer such that µc = k in F×q . If c is even then
| Irrp′(B)
σ| = psn + 3ps(n−1).
If c is odd we obtain
| Irrp′(B)
σ| = psn − ps(n−1).
Let us single out a special case. If σ = id then s = f and c ≡ 0 mod 2. This implies that
| Irrp′(B)| = p
fn +3pf(n−1) = qn + 3qn−1 and we recover as a special case the result obtained
by Maslowski in [10, Example 11.7].
5.3. Relating the p′-characters of G˜ and G. We assume from now on that p is a good
prime for G. In particular, the assumptions of Theorem 4.4 are satisfied.
The following lemma describes the action of Galois automorphisms on the Alvis–Curtis
dual of the Gelfand–Graev characters.
Lemma 5.8. Let σ ∈ Gal(Q|G|/Q) and t˜ ∈ T˜ such that ψ
σ
1 = ψ
t˜
1. Then DG(Γ1)
σ = DG(Γ1)
t˜.
Proof. Recall that the functor DG is defined using Harish–Chandra induction and restriction
which is compatible with the action of Galois automorphisms. On the other hand the Levi
subgroups and parabolic subgroups which occur in the definition of DG can be chosen such
that they are stabilized by the T˜ -conjugation. So we deduce that DG(Γ
σ
1 ) = DG(Γ1)
σ and
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DG(Γ
t˜
1) = DG(Γ1)
t˜. Since ψσ1 = ψ
t˜
1 we conclude Γ
σ
1 = Γ
t˜
1. Consequently, we have DG(Γ1)
σ =
DG(Γ1)
t˜. 
The following proposition can be seen as an analog of Proposition 5.6 for the global char-
acters.
Proposition 5.9. Let t˜ ∈ T˜ such that ψσ1 = ψ
t˜
1. Let χ ∈ Irrp′(G˜) and ϑ ∈ Irr(G | χ). Then
the following are equivalent:
(i) ϑ is σ-invariant
(ii) χG is σ-invariant and t˜ ∈ IB˜(ϑ).
Proof. By Clifford’s theorem the condition that χG is σ-invariant is necessary for the irre-
ducible constituents of χG to be σ-invariant. Thus, we may assume that χG is σ-invariant.
Recall from Lemma 3.3 that χ = εD
G˜
(χ(s˜)) for some semisimple conjugacy class (s˜) of
G˜∗
F∗
and some ε ∈ {±1}. Moreover, by Lemma 3.4 we know that the characters εDG(χ(s),z),
z ∈ H1(F,Z(G)), are precisely the irreducible constituents of χG. Note that ϑ := εDG(χ(s),1)
is the unique common irreducible constituent of DG(Γ1) and χ, see remark before Lemma
3.4. Then ϑσ is the unique common irreducible constituent of DG(Γ1)
σ and χσ. By Lemma
5.8 we have DG(Γ1)
σ = DG(Γ1)
t˜. Since χG is σ-invariant we conclude that ϑ
σ is the unique
common irreducible constituent of DG(Γ1)
t˜ and χG. It follows that ϑ
σ = ϑt˜. 
5.4. Proof of the main result.
Lemma 5.10. Let σ ∈ Gal(Q|G˜|/Q) be an (e, p)-Galois automorphism. Let ψ ∈ Irrp′(B˜) and
χ = f˜(ψ). Then the character ψB is σ-invariant if and only if χG is σ-invariant.
Proof. Suppose that ψB is σ-invariant. Then ψ
σ = ψη for some η ∈ Irr(B˜ | 1B) by Theorem
4.5. Using Theorem 4.6 we obtain f˜(ψσ) = f˜(ψ)f˜ (η) with f˜(η) ∈ Irr(G˜ | 1G). By Theorem
5.2 we have f˜(ψ)σ = f˜(ψσ). Therefore
χσG = (f˜(ψ)G)
σ = f˜(ψσ)G = f˜(ψ)Gf˜(η)G = f˜(ψ)G = χG,
which shows that χG is σ-invariant. An analogous argument shows that if χG is σ-invariant
then ψB is σ-invariant. 
Corollary 5.11. Let σ ∈ Gal(Q|G|/Q) be an (e, p)-Galois automorphism. Let ψ ∈ Irrp′(B˜)
and let χ = f˜(ψ). All irreducible constituents of ψB are σ-invariant if and only if all irre-
ducible constituents of χG are σ-invariant.
Proof. By Lemma 5.10 it follows that ψB is σ-invariant if and only if χG is σ-invariant. Let
ϑ ∈ Irr(B | ψ) and φ ∈ Irr(G | χ). By Corollary 4.9 we obtain IB˜(ψ) = IG˜(φ) ∩ B˜. Now the
claim follows from Proposition 5.6 and Proposition 5.9. 
Now we can prove Theorem 1.2 from the introduction.
Theorem 5.12. Let σ ∈ Gal(QGF |/Q) be an (e, p)-Galois automorphism. Suppose that p is
a good prime for G. Then the bijection constructed in Theorem 4.7 restricts to a bijection
f : Irrp′(B)
σ → Irrp′(G)
σ .
Moreover, for every central character λ ∈ Irr(Z(G)) the map f restricts to a bijection Irrp′(B |
λ)σ → Irrp′(G | λ)
σ.
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Proof. Let f : Irrp′(B) → Irrp′(G) be the bijection constructed in the proof of 4.7. Thus, it
is sufficient to see that ϑ is σ-invariant if and only if f(ϑ) is σ-invariant for ϑ ∈ Irrp′(B). Let
ψ ∈ Irrp′(B˜ | ϑ). By construction of f it follows that f(ϑ) ∈ Irr(G | f˜(ψ)). By Corollary
5.11 it follows that the character ϑ is σ-invariant if and only if f(ϑ) is σ-invariant. The state-
ment about compatibility with central characters follows from the statement about central
characters in Theorem 4.7. 
Using Corollary 5.3 we can prove Theorem 5.12 for some more cases.
Corollary 5.13. Let σ ∈ Gal(Q|G|/Q) be an (e, p)-Galois automorphism. Suppose that
(G, F ) is not contained in the table of Theorem 4.4. Assume in addition that p 6= 2 if (G, F )
is of type (E6, Fq) and p 6= 3 if (G, F ) is of type (E7, Fq). Then the bijection constructed in
Theorem 4.7 restricts to a bijection
f : Irrp′(B)
σ → Irrp′(G)
σ .
Moreover, for every central character λ ∈ Irr(Z(G)) the map f restricts to a bijection Irrp′(B |
λ)σ → Irrp′(G | λ)
σ.
Proof. If p is a good prime then this is precisely Theorem 5.12. Now suppose that p is a bad
prime. By an inspection of [1, Table 13.11] we observe that Z(G) = 1 unless p = 2 and (G, F )
is of type (E6, Fq) or p = 3 and (G, F ) is of type (E7, Fq). If Z(G) = 1 we can apply Corollary
5.3. 
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